It is well known that the maximal value of the central moment of inertia of a closed homogeneous thread of fixed length is achieved on a curve in the form of a circle. This isoperimetric property plays a key role in investigating the stability of stationary motions of a flexible thread. A discrete variant of the isoperimetric inequality, when the mass of the thread is concentrated in a finite number of material particles, is established. An analog of the isoperimetric inequality for an inhomogeneous thread is proved.
Introduction
The dynamics of a homogeneous flexible inextensible thread undergoing inertial motion in n-dimensional Euclidean space R n has many remarkable features 1 . In particular, any closed curve γ in R n whose length coincides with that of a closed thread is the trajectory of stationary motion of this thread: at each instant of time the thread coincides with γ and all its particles move along γ with the same constant velocity. This velocity can, of course, be arbitrary, and the tension of the thread is constant along its length.
Some comments are of order here. This surprising property of the closed thread is known to hold for twice continuously differentiable curves γ. If the curve γ is not smooth, then the phenomenon of impact must be taken into account. In general, the question of smoothness of a moving flexible inextensible thread seems to be fundamental when it comes to the problem of the existence and uniqueness of solutions to equations of the dynamics of such a thread. It is easy to give examples of smooth initial conditions under which cusps ( Fig. 1) are formed in finite time on the thread. As far as the author knows, this interesting and important range of questions has received no attention in the literature so far. In general, the theory of a flexible inextensible thread dealt mainly with statics problems (see, e.g., the classical textbook by Appel [1] ). In contrast to problems of the dynamics of an elastic thread, those concerning the dynamics of the flexible thread are reduced, as a rule, to analysis of stationary motions (see [2, 3] ). In particular, this observation also applies to the problem of the "chain fountain" [4, 5] , which has become popular recently.
Of particular interest is the problem of the stability of stationary motions of a flexible thread, more precisely, that of the stability of the shape of a rotating closed flexible thread. It seems quite natural that the stationary motion of a closed thread in the form of a circle is always stable. This conclusion can be drawn using the Sundman inequality, which is well known in celestial mechanics:
where T is the kinetic energy of the system, K is its angular momentum relative to the center of mass, and I is the moment of inertia, which has also been calculated relative to the center of mass of the system. Inequality (1.1) immediately implies the weaker inequality K 2 2IT . Equality in (1.1) is achieved when all particles of the system move uniformly in circles about the center of mass. It is clear that, when the thread undergoes inertial motion in Euclidean space, its kinetic energy, total momentum, and the angular momentum of the thread (relative to the points of Euclidean space and relative to its center of mass) are preserved.
Suppose that the maximal moment of inertia of the flexible homogeneous thread relative to its barycenter is achieved only for a circle (of course, this natural assumption requires a proof). Then we see that under a small perturbation of the circular motion of the closed thread the constant ratio K 2 /2T will not differ much from the maximal moment of inertia I 0 . On the other hand, according to the Sundman inequality, the moment of inertia of the thread will be not smaller than the slightly perturbed value of K 2 /2T (Fig. 2) . Consequently, the stationary motion of the thread in the form of a circle is stable relative to the central moment of inertia of the thread, I, and its derivative with respect to time,İ.
Thus, to prove the stability, one should consider the following isoperimetric problem: find among all forms of the homogeneous thread of a given length the form for which the moment of inertia relative to its center of mass takes the maximal value. Usually one considers isoperimetric problems for the moments of inertia of n-dimensional regions in n-dimensional Euclidean space with a homogeneous mass distribution (see [6, 13, 15] ).
The question of the stability of the circular form of stationary motions of a closed flexible thread was addressed by P. A. Kuz'min in [7, 8] . At first he notes that the stability problem reduces to the above-mentioned isoperimetric problem of the moment of inertia. Rather than using the Sundman inequality, he employs the Routh method, which involves reducing the order of systems with symmetries. As is well known, the sufficient condition for stability of stationary motions reduces to the condition of the minimum of the so-called reduced potential energy, which in our case is inversely proportional to the moment of inertia of a closed chain. Then P. A. Kuz'min notes that the isoperimetric problem of the moment of inertia of the thread is easily solved and the answer will be a circle. However, instead of directly proving this fact, he embarks on lengthy calculations (including additional simplifying propositions), after which the author comes to the conclusion on the local minimum of the reduced potential energy of the rotating ring. Apart from some lack of rigor in the papers [7, 8] , it may be assumed that they establish maximality of the moment of inertia of a thread in the form of a circle among curves of the same length from some small neighborhood of it.
Isoperimetric inequalities for moments of inertia
The isoperimetric inequality for the moment of inertia of a homogeneous closed thread was in fact established by Hurwitz [9] . This result (and some of its generalizations) is also presented in the work of Sachs [10] . A review of studies concerned with the application of Fourier series to geometric inequalities can be found in the book [11] . In Section 2 we give a proof of the well-known isoperimetric inequality for the moment of inertia of a flexible homogeneous thread, and in Section 4 we prove, using the same technique, its analog for the barycentric moment of inertia of an inhomogeneous thread. Moreover, in Section 3 we prove an analogous inequality for the so-called "articulated polygon", which consists of a finite number of equal masses connected in series by massless rods of equal length. These isoperimetric inequalities are applied to the problem of the stability of stationary motions.
Isoperimetric inequality for the moment of inertia of a closed thread
Let l be the length of a closed homogeneous thread (the thread is, of course, assumed to be a rectifiable curve, so that one can speak of its length), and let ρ = const be the density of the thread, and m = ρl its total mass. Let I denote the moment of inertia of the thread relative to its center of mass.
We now make some assumptions about the smoothness of the thread. Let s be a natural parameter of the thread (the length of an arc measured from some point of it). After that the thread can be given as a map of the circle s mod l into Euclidean space R n = {x}:
s → x(s).
We will assume this map to be continuously differentiable and, moreover, we suppose that the derivatives of all functions s → x p (s) (1 p n) have a limited variation. Theorem 1. The following inequality holds:
and equality is achieved only for a circle.
This statement is proved by the Wirtinger inequality [12] . In [13] a dual isoperimetric inequality for planar regions with a fixed area is proved: the minimal moment of inertia of the boundary (as a homogeneous thread of unit density) is achieved for a circle. 
and the equality sign takes place only in the case where
Usually inequality (2.1) is formulated for l = 2π. Multidimensional analogs of the Wirtinger inequality (the Poincaré -Steklov -Friedrichs inequality) have numerous applications in mathematical physics. In these inequalities the exact constants depend on the form of the domain of integration.
Further, we have: This yields
Let us introduce two vectors a and b in R n with components (a 1 , . . . , a n ) and (b 1 , . . . , b n ).
According to (2.5), they are orthogonal and have the same nonzero length. In particular, these vectors are linearly independent and their linear combinations generate a two-dimensional plane Λ ⊂ R n . Formulae (2.4) can be written shorter:
This closed curve lies in Λ and, according to (2.5) ,
Thus, in (2.2) equality is achieved only for a thread in the form of a circle of radius l/2π. This proves the theorem.
Isoperimetric inequality for the moments of inertia of articulated polygons
We now consider a massless closed flexible thread of length l and place on it k equal particles with total mass m at regular distances from each other. We call the resulting chain of masses a articulated k-gon. Obviously, it will be equilateral. As k → ∞, our closed articulated polygon will indefinitely approach (in a quite definite sense) a homogeneous closed thread of the same length and mass. This method of finite-dimensional approximation of a homogeneous flexible thread was used a long time ago in classical works (in particular, in statics problems [1] ). Let I k be the moment of inertia of the funicular k-gon relative to its barycenter.
Theorem 2. For any k the inequality
holds, and equality holds only for a regular k-gon.
It is clear that, as k → ∞, numbers I k tend to the moment of inertia of a homogeneous thread of length l, and lim k→∞ 2k sin π k = 2π.
Hence, as k → ∞, inequality (3.1) becomes the isoperimetric inequality (2.2), which is already known to us.
Corollary 1. Steady rotations of a regular articulated polygon about its center of mass with nonzero angular velocity are always stable (in the sense of Lyapunov).
Remark. Finite-dimensional approximations of a homogeneous flexible thread were also considered in [7] . They arise after cutting the Fourier series of the curvature of the thread as a function of a natural parameter and bear no relation to funicular polygons.
Theorem 2 is proved in the same way as the well-known isoperimetric inequality for the area of an equilateral polygon with a fixed perimeter [14] .
We present a proof of Theorem 2 in the most interesting case, when the articulated polygon lies in some plane R 2 with Cartesian coordinates x, y. First, let the number of vertices, k, be odd: k = 2p + 1. Let
x r , y r (r = 1, 2, . . . , k)
be the Cartesian coordinates of the vertices of the polygon.
Lemma 2. One can find real numbers
Indeed, as shown in [14] ( §6), the determinants of these two linear systems are different from zero. Therefore, the coefficients a, a * and b, b * are uniquely expressed in terms of the Cartesian coordinates of the vertices of the funicular polygon.
Without loss of generality one can assume that the center of gravity of this polygon is located at the origin of coordinates. This can always be achieved by parallel translation. Indeed, as shown in [14] ( §6),
Lemma 4.
The mass of each particle is equal to m/k. It only remains to use the formula ( [14] , §6)
and to take into account that a 0 = 0 (Lemma 3). An analogous formula holds also for the y-coordinates of the particles.
Isoperimetric inequalities for moments of inertia 519 Lemma 5.
This formula for the perimeter of an equilateral k-gon is proved in [14] ( §6), where the classical isoperimetric property of a regular polygon is derived. Now we can obtain the following relation from (3.4):
Since the ratios of the squared sines on the right 1/2 for all q = 1, . . . , p (recall that k = 2p+1), we obtain, taking (3.3) into account, the desired inequality (3.1):
Equality is achieved for a regular k-gon with perimeter l, since the radius of the traced circle is exactly
It remains for us to show that equality holds only for the regular k-gon. It can be seen from (3.5) that in the case of equality the coefficients a q , a * q , b q and b * q vanish when q 2. Consequently, formulae (3.2) for the vertices of the equilateral polygon simplify to x r = a cos r 2π k + a * sin r 2π k ,
(3.7)
To simplify notation, the coefficients a 1 , . . . , b * 1 are denoted as a, . . . , b * . Next, according to (3.4) and (3.6) (taking into account the above-mentioned simplification, with q 2),
Thus, the vectors on the plane with components a, b and a * , b * are equal in value and orthogonal. But then a * = ±b, b * = ∓a.
In this case, formulae (3.7) define k vertices of the regular polygon inscribed into a circle of radius R (according to (3.8) ). This proves Theorem 2 for the case of odd k.
It remains to prove Lemma 6. We make use of simple formulae for differences
(3.9)
Since the articulated polygon is equilateral, the squares of the lengths of its sides
do not depend on the number r. The quantity (3.10) is equal to
On the other hand, this is equal to l 2 /k 2 , which, in view of Lemma 5, must coincide with
The sum (3.11) can be represented as
The first term in this formula must coincide with (3.12) (which is indeed the case), and the following two equalities must be satisfied:
In view of (3.9), it follows from the first equality that aa * + bb * = 0, and the second implies another relation from Lemma 6: a 2 + b 2 = a * 2 + b * 2 . The case of an even k is handled along the same lines, but the main formulae are slightly changed. Therefore, there is no need to reproduce them here.
An inhomogeneous thread
Let again s be a natural parameter on a thread of length l. If the thread is inhomogeneous, then the mass distribution density ρ will depend on s. We will assume ρ to be a continuous positive function on the circle s mod l.
Again we assume that the center of mass of the thread coincides with the origin of coordinates in R n = {x 1 , . . . , x n }: l 0 ρx p ds = 0, 1 p n. For the homogeneous thread, ρ = m/l = const and inequality (4.3) becomes an isoperimetric inequality from Section 2.
The proof of Theorem 3 proceeds in accordance with the general scheme outlined in Section 2, but integration over length is replaced with integration over mass where a and b are some vectors from R n . These curves satisfy the relation
Since ρ is a nonconstant function, the ovals (4.4) will, of course, be no circles in the general case. Relation (4.5) can be regarded as an integral equation for defining the density of the thread s → ρ(s) in the case of equality in (4.3). We also note that density ρ as a function of mass μ is, generally speaking, nonconstant. Indeed,
Next, the vectors a and b are linearly independent. Otherwise, at some value of μ the left-hand side of (4.5) vanishes. Hence, the curve (4.4) lies in a two-dimensional plane generated by linear combinations of the independent vectors a and b. After that it can be quite simply inferred that the flat oval defined by the parametric formulae (4.4) will be an ellipse with its center at the origin of coordinates. This ellipse cannot degenerate to a segment due to the regularity property (4.5).
Remark. Strictly speaking, inequality (4.3) cannot be regarded as isoperimetric, since the righthand side of (4.3) depends not only on the total mass of the thread and its length, but also on the mass distribution. Of course, the above-mentioned ellipses can be endowed with an extremal property if one fixes, in addition to the mass and the total length, the integral of the inverse mass density of the thread.
Comments and problems
5.1. One should prove general theorems of the existence (perhaps in some generalized sense) and uniqueness of solutions to the equations of motion of a flexible inextensible thread of a finite length. The choice of a suitable phase space must take into account the assumptions of Theorem 1, which guarantee the validity of the isoperimetric inequality for the moment of inertia of the closed thread. 5.2. Find analogs of Theorems 1, 2 and 3 for a nonclosed thread (including the variable density). In particular, is it true that the solution of the isoperimetric problem for the barycentric moment of inertia of the nonclosed thread will be a rectilinear segment? 5.3. Consider a simpler problem of the rotation of a nonclosed flexible thread relative to its end point O. It is easy to show that, irrespective of the mass distribution along the thread, the maximal moment of inertia relative to point O is achieved on a thread stretched along a segment with its end at point O. In particular, such a thread can rotate by inertia about point O with constant angular velocity while retaining the form of a segment.
Moreover, this stationary motion is stable: under a small change in the position and velocity distribution the rotating thread will not differ much in its form from a segment of the same length. This is a stronger property than stability with respect to the moment of inertia of the thread. 5.4. This simple observation raises, in addition to the question of stability with respect to the moment of inertia as established in Section 2, an analogous question of stability of the form of steady rotation of a closed thread relative to its barycenter. The answer to it depends, in particular, on the functional space in which the existence and uniqueness theorem for the motion of the thread is valid. 5.5. All these problems (including those dealt with in Sections 2-4) can be extended to spaces of constant curvature (a multidimensional sphere and the Lobachevsky space).
